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Aim of this session
• Introduce model concepts and terms
• Demonstrate some models
• Develop critical awareness of modelling issues
• Enable use of published (and accepted) groundwater 
models 
What is a model?
• Representation of a real process or system
• Simplified version
• Simplification is defined by the assumptions in the 
model
• Degree of simplification is determined by the:
- purpose of the model
- availability of data
- resources
What is the purpose of the model?
• Obtain a better understanding of the system
• A framework for organising knowledge and guiding 
data acquisition
• Predicting system behaviour under different 
conditions - comparing scenarios
• Decision support for managing resources
Types of models(1)
- the realism spectrum
• Complex, process-based: attempts to simulate the 
biophysical complexity of the real world
• Pragmatic: Simplified, but appears to represent real 
world properties 
• Instrumental: doesn’t appear to be process based, 
but is designed for prediction – engineering 
applications
(1) Environmental Modelling: An Uncertain Future. Keith Beven (2010)
The big modelling issue - uncertainty 
• How is the client going to use the model for decision 
making?
• Client attitude to uncertainty
• Sources of uncertainty
• Communication of uncertainty
Reference: Environmental Modelling: An Uncertain Future. Keith Beven. 
Routledge, 2010, 310 pp.
Classes of uncertainty
Things we:
• Know that we know
• Know that we don’t know
• Don’t know that we don’t know
Uncertainty in models - sources
• Imperfect knowledge about the real world
• Model is a simplification of the real world – model 
choice
• Boundary conditions – how the model is set up as a 
closed system
• Initial conditions of the model
• Limited observations about the real world
Model terminology 
in the groundwater context
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Calibration of a model
• Obtaining parameter values that satisfy a desired 
measure of model performance
• Parameters can include specification of boundary 
conditions
• Extend this to the selection of model structure
Performance criteria for calibration
• Commonly, sum of squared differences (errors), or 
SSE, between observed values and model 
predictions
• Sometimes weighted to place more importance on 
particular sets of observations
• Can have other criteria or a mix of performance 
indicators
Optimisation – finding the best performing 
parameter set
• Minimising SSE of linear models is usually done by 
analytical calculation – equivalent to linear regression
• More complex model performance is evaluated by 
“hill descent” algorithms in parameter space, and 
“genetic” algorithms to avoid local minima.
• Parameter values can be constrained
• Parameter relationships can be specified
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Calibration problems 
- performance criterion is satisfied by a 
range of parameter values
• Too many parameters in relation to the number of 
observations
• Observed variables are not sensitive to particular 
parameters
• Parameters are interdependent in model structure
What to do?
• Simplify the model – fewer parameters
• Specify relationships between parameters - called 
regularisation
• Constrain the range of parameter values to a feasible 
set
• Regularisation and constraints introduce more prior 
knowledge
Published groundwater models
(e.g., MODFLOW, FEFLOW)
• Numerical models
• Aquifer space is divided into rectangular or triangular 
cells
• Can be 1-D, 2-D, or 3-D
• Each cell can have its own value of an aquifer 
property, such as hydraulic conductivity or storativity
• The set of all these aquifer properties is called the 
parameters of the model
Dimensions of a groundwater model
1-D
3-D
2-D (horizontal)
Simplifications to the model
For the first approximation:
• 2-D model rather than 3-D; aquifers have 
horizontal/vertical scales ~ 100
• Not too many cells; reduces computation time and 
allows for simulation of dynamic effects 
• Same aquifer properties in all cells
• The big picture of boundary conditions; where is 
the water coming from and going to?
What are boundary conditions?
• Constant groundwater level at lakes, sea, and rivers 
(Dirichlet)
• Constant flux, often zero, at groundwater divide and 
impermeable boundaries (Neumann)
• Relationship between flux and groundwater level, 
such as river recharge through semi-permeable bed 
(Cauchy) 
Caution about parameter interaction
inherent in groundwater models
• Steady-state model: groundwater levels are 
determined primarily by ratio:
recharge / transmissivity
• Unsteady model: dynamic behaviour of groundwater 
level depends on the ratio:
transmissivity / storativity  (diffusivity)
These interactions can contribute to non-uniqueness in 
model calibration
Cells, grids and time step
• Cell size is defined by the spatial grid interval 
• For numerical stability, the time step and grid interval 
are related
• Fine grid gives good spatial accuracy but means 
small time steps during computation
• For contaminant transport, need fine grid to 
accurately simulate dispersion
• Coarse grid causes numerical dispersion
A simple steady-state numerical model of 
groundwater potential (h)
• Uses Excel spreadsheet
• Finite difference solution of uniform recharge to a 
homogeneous aquifer:
• Reference: Applied Hydrogeology, C.W. Fetter (4th ed.): 
531-533.
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Finite difference cell formula
hi,jhi,j-1 hi,j+1
hi-1,j
hi+1,j
hi,j = (1/4)*(hi-1,j + hi+1,j + hi,j-1 + hi,j+1 + d2*R/T)
d
R = recharge, T = transmissivity
Model grid and boundaries
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Modelling a well
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Contaminant transport models
• Groundwater velocity and direction can be computed 
from the numerical groundwater potential model
• or from a model which computes flow nets and 
streamlines
• These velocities provide advective transport
• In addition there is dispersive transport caused by the 
alternative pathways in porous media
Numerical stream-function models
• Flow net comprises stream functions (s) and 
potentials (h)
• Applies to steady-state groundwater flow
• Two dimensional (vertical)
• Recharge and discharge boundaries
• No recharge in the model domain
• For a homogeneous aquifer:
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• Groundwater flux components are:
References:
Bear, J. and Verruijt,: A. Modeling Groundwater Flow and Pollution.  Reidel, 
1987. Section 11.6.
Zheng, C and Bennet, G.D. : Applied Contaminant Transport Modeling.  Van 
Nostrand, 1995. Appendix A.
Fogg, G.E. and Senger, R.K. (1985): Automatic generation of flow nets with 
conventional ground-water modeling algorithms.  Ground Water 23(3).  336-
344.
Numerical stream-function models
dx
dsq
dz
dsq zx =−=
95.00-100.00 90.00-95.00 85.00-90.00 80.00-85.00 75.00-80.00 70.00-75.00 65.00-70.00 60.00-65.00
55.00-60.00 50.00-55.00 45.00-50.00 40.00-45.00 35.00-40.00 30.00-35.00 25.00-30.00 20.00-25.00
15.00-20.00 10.00-15.00 5.00-10.00 0.00-5.00
10 20 30 40 50 60 70 80 90 100
0
0
0
0
0
0
0
0
0 0 0 0 0 0 0 0 0 0 0
Stream function analysis of vertical cross section 
of a homogeous aquifer:
•Uniform recharge at the surface
•Point discharge at downstream end
•All other boundaries are impermeable
Properties of stream functions relevant to 
contaminant transport
• Groundwater flow is the same between stream 
functions at fixed intervals, i.e., “streamtubes”
• Velocity is proportional to streamtube width
• Contaminant transport distance is calculated from 
recharge flux, porosity, and streamtube area
• Similarly, groundwater age can be calculated 
anywhere in the aquifer
Contaminant advection and dispersion
• Contaminant advection is calculated from the 
streamfunction model
• The dispersive component can calculated analytically 
or:
• Dispersion can be simulated by numerical 
dispersion, using a “mixing cell” model, in which 
dispersivity is related to the mesh size of the 
model grid
2-D vertical, mixing cell
Simulates horizontal & vertical advective dispersion
C(i,j)
C(i,j)
C(i,j)
C(i-1,j)
C(i,j-1)
Q(i-1,j)
Q(i,j-1) Q(i,j+1)
Q(i+1,j)
Dispersivity is controlled by cell dimensions 
Example: Central Canterbury Plains
• Purpose: to estimate the relative contributions of 
river and land surface recharge to groundwater flow, 
and demonstrate nitrate contamination from land use
• Data: 12 observation wells with long-term records
• Piezometric time-series separated into land surface 
recharge and river recharge effects by another 
model, and reported as time-averaged values 
(12 wells x 2 effects = 24 data values)
• Model: 2-D horizontal, steady-state, finite-difference
• Software: Excel spreadsheet
Boundary conditions: zero flux; specified head
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Model grid: 379 active cells, 2.5 km x 2.5 km
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Land surface recharge
River recharge
Data: observations of steady-state piezometric effect
Recharge components
• Land surface recharge calculated from  a daily 
water balance model as 204 mm/y, uniform over 
region
• River recharge model:
R = min{Rk, C*(river bed level – groundwater level)}
Rk is recharge/km of river: k refers to Waimakariri (w) 
or Rakaia (r)
C is a conductance parameter
River recharge model
• 3 parameters: as ratios relative to a lumped value of 
transmissivity for:
- Waimakariri recharge:  Rw / T
- Rakaia recharge: Rr / T
- Conductance parameter: C / T
• Objective function: minimise the sum of squares of 
error in predictions of observed piezometric effects of 
river recharge
River recharge effect: predictions
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Land surface recharge model
• Land surface recharge per cell is already known from 
a water balance model using climate and soil data
• 1 parameter: lumped value of transmissivity for the 
whole region
• Objective function: minimise the sum of squares of 
error in predictions of observed total piezometric 
effects
Total recharge effect: predictions
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Summary of results
• Good prediction of river recharge effect without 
knowledge of aquifer transmissivity 
• Good prediction of total recharge effect achieved by 
optimising value of transmissivity given calculated 
value of land surface recharge
Model output
• The model was used to estimate the contribution of 
groundwater from river recharge (R) and that from 
land surface recharge (LS)
• This is relevant to groundwater quality at various 
depths in the aquifer due to the effect of agricultural 
land use
Application to nitrate contamination of 
groundwater from land use
• Following slides describe approach to assessment of 
the effects of land use on groundwater quality within 
the IRAP (Integrated Research for Aquifer Protection) 
Programme, involving several research organisations
• The descriptive example is based on the foregoing 
groundwater model of Central Canterbury Plains
Example: Central Canterbury Plains
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Flowpath and example land use
Dairy Forest
Sheep
Crops
Recharge and nitrate concentration
Land use Recharge (mm/y) Nitrate-N (g/m3)
Rakaia River 0.6 m3/s/km 0
Dairy 250 12
Forest 100 1
Sheep 150 3
Crops 200 15
Pumped abstraction
40 - 50 km
River recharge
Groundwater discharge
to streams, lake and sea
200 - 500 m
Land surface recharge
Vertical distribution of groundwater flow
0.00-1.00 1.00-2.00 2.00-3.00 3.00-4.00 4.00-5.00
5.00-6.00 6.00-7.00 7.00-8.00 8.00-9.00 9.00-10.00
10.00-11.00 11.00-12.00 12.00-13.00 13.00-14.00 14.00-15.00
Nitrate-N concentration (mg/L)
Sheep Dairy Forest Sheep Crops
River recharge
Nitrate-N < 1 mg/L
Discharge to surface waters
Nitrate-N = 3 mg/L
Vertical distribution of nitrate
Groundwater age (years)
Aquifer is 300 m thick
Porosity is 0.15
0-10 10-20 20-30 30-40 40-50 50-60 60-70
70-80 80-90 90-100 100-110 110-120 120-130 130-140
Groundwater age
Summary
• The regional scale, steady-flow, groundwater model 
demonstrates the principal behaviour of nitrate 
contamination from land use
• The stream function approach to contaminant 
transport addresses questions about response times 
of effects of land use change
• Use of a steady-flow groundwater model for regional 
scale reduces computation time, which may be 
important for real-time stakeholder participation
Example application to decision making
• The following slides were shown to Commissioners 
for the Central Plains Water consent hearing
• The purpose is to illustrate the role of groundwater 
recharge sources in transport of contaminants from 
agricultural land use
• The model “illustration” is compared with the spatial 
pattern of groundwater quality observations
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Example of an “instrumental” 
groundwater model – “eigenmodel” 
• Based on the dynamic behaviour of groundwater 
response to recharge stress
• Mathematical structure is derived from the equations 
of groundwater flow
• Resulting “eigenstructure” is commonly used for 
engineering applications to dynamic systems
Groundwater flow equation
2D-horizontal, heterogeneous, anisotropic, linear
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Groundwater PDE becomes a set of first-order 
ODE
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The 2D horizontal model is transformed to a set 
of conceptual water storages
g1 g2 g3
α1 α3
α2
gi - mixture coefficient (eigenfunction)
Eigenstructure as conceptual water storages
Aquifer
storage
and 
discharge
Groundwater level
relative to steady effect d
g1 g2 g3
α1 α3
α2
Recharge
αi - discharge coefficient (eigenvalue)
discharge = αi x “storage” states (Li)
Central Canterbury Aquifer System
Alluvial aquifers
200 – 500 m thick
Area ~ 2300 km2
Land surface recharge
River recharge
Groundwater
discharge
Aquifer recharge and discharge
Effect of recharge dynamics on groundwater 
level
(piezometric or hydraulic head)
River recharge
Land surface recharge
steady piezometric effect (datum)
causes most of the time variation
Land surface recharge
River recharge
Groundwater
discharge
Groundwater
abstraction
Groundwater abstraction – mainly for irrigation
Groundwater
discharge
Groundwater
abstraction
Groundwater abstraction affects discharge to surface waters
The aquifer management problem
• Balance abstraction for economic benefit against 
effects on surface water environment (Resource 
Management Act)
• Allocate groundwater abstraction consents for long 
term and seasonal allocations
• Seasonal variation to permitted abstraction must take 
account of agricultural operations
• Need to understand groundwater dynamics for 
design of feasible controls
40 km
Central Canterbury
Monitoring well L36/0092                       Selwyn River flow at Coes Ford
A simplified aquifer is modelled as the dynamic equivalent
of a complex aquifer system, on a unit-area basis
Fixed-head
discharge
boundary
No-flow
boundary
transmissivity T
storativity S
Calibrate 1D simple aquifer model to well L36/0092
transmissivity T
storativity S
datum d
16 km
40 km
Data: monthly groundwater level, 
monthly totals of land surface recharge 
from a daily water balance model
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Model Calibration to pre-1990 groundwater level data
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Calibration
Prediction
The pattern of predicted groundwater discharge applies 
to all the connected surface waters
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Predicted groundwater level
Predicted groundwater discharge
Comparison of patterns of predicted groundwater discharge
and smoothed observations of river flows < 80 percentile
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Selwyn River flow at Coes Ford: EWMA
Predicted groundwater discharge: dryland
Irrigation pumping abstraction zones
Upper
Central
Lower
Scenario: linear increase in percent irrigated since 1990
Upper
0 to 0
Central
0 to 20
Lower
0 to 30
Predictions of groundwater discharge for dryland and 
irrigation scenarios, compared with Selwyn River flow
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Selwyn River flow at Coes Ford: EWMA
Predicted groundwater discharge: irrigation scenario
Predicted groundwater discharge: dryland
Observed and predicted groundwater levels at L36/0092
50
60
70
80
90
100
72 74 76 78 80 82 84 86 88 90 92 94 96 98 00 02 04 06
G
ro
un
dw
at
er
 le
ve
l (
m
. a
m
sl
) 
Observed groundwater level
Predicted groundwater level: irrigation scenario
Predicted groundwater level: dryland
Eigenmodel summary
• Focuses on dynamic response of groundwater to 
climate, land use, and pumped abstraction
• Predicts time-varying pattern of groundwater 
discharge to surface waters
• Enables evaluation of groundwater use and 
consequent effects on groundwater levels and flows 
in surface waters
Example of application in resource 
consent hearing
• The following slides are part of a piece of evidence 
presented to Commissioners of the Central Plains 
Water consent hearing


Some groundwater model websites
• International Groundwater Modeling Center
http://www.mines.edu/igwmc/
• Waterloo Hydrogeologic
http://www.flowpath.com
• USGS Groundwater Group 
http://water.usgs.gov/software/ground_water.html
• PEST
http://www.pesthomepage.org
